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Exercise 01
Consider the function F(x) defined by: F(x)=2xcos(2x) —(x+1)?, where x is given in radians.
Can the Bisection method be applied to calculate a3 on the interval I= |33 —217 Justity.

1.
2. Let £=107%, determine the number of iterations required to approximate, using the
Bisection method, the root a1 Jocated in L.
3. Given that as;=—3 and bs=—2, calculate the first five iterations using this method.
Exercise 02
Consider the function f defined by:
- . R L
/i -1 ' 0 | 0 \
1. What is the degree of the polynomial represented by these points.
2. Construct the Newton interpolation polynomial passing through these points,
Exercise 03
" 1.
Given the integral: F=[j e “ dx
1. Approximate the integral J using:
-The composite midpoint rule with n=4 subintervals.
-Trapezoidal rule
2. Evaluate the error for cach method.
3. Calculate the exact value of the integral.
Exercise 04
Consider the following Cauchy problem:
2t
—y' (=Y (-7
L y(0) =1
. g gk i d order Runge~
mate solution of this equation at t=0.4 using the secon

i, Calculate the approxi
Kutta method with step size b=0.1.
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Corrected type
Exercise 01: ((J f; > P+5
F(x) =2xcos(2x) -(x+1)?

1. This function is well defined and contmuous so we can be applied Bisection method

1.1.justification \_O.L/

F (-3) =9. 7610
‘I\J’A /- ‘,

(-2) 1450? > FO)*FE)<0 Oy
1

So, according ntermedlg valye theorem, there exists at least one root ac]-2 »-3| such
A9

that f(a)=0. 1y
Furthermore, i ‘; : \:

e g LS
F (X)—ZCOS(ZX)-“XSTH‘({X)-Z(XH), VxE [-2, -3] F’(x)>0 the funcuon is mc:ruasmg> (F is
monotone). .

We deduce that the root of F is unique ( o L !/
2. Determine the number of j emtioqs required
n>((log(b-a)/e)/log2)-1 é‘, “"\ .
n> ((log(-2-(-3))/10*)/log2)-1 ( ’

, L
n (log (1/0, 0001 )-log (2))/log2-l2,28

n13< 6/

3. Calculate the first five iterations P
Xo=(ao+bo)/2= (-2-3)/2=-(5/2). L/
s i ai Xi bi f(ai) f(xi) f(bi)
é ,}, 0 -2 -5/2 -3 + 2 +
ey 2 225 ) m : 3
/" /9 2 2 -2,125 -2,25 - 2 %
M;{?Z;j 3 2,125 | -2,1875 -2,25 + + :
/’3{* e 208 | 22181 | 2B | ¢ g s
v

Y L R

\on

§ "
% 7
; e 4
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’ Exercise 02 : ((9 & r) s )

1. The degree n of the interpolation polynomial P?
terpolation po /nts:ls\4 we
Y

N=number of intérpolation ponnts—ﬁ'ﬂ/— f"/‘/ ﬁ

2. The third-degree interpolation polynomial that passes through the four points (Xo,Yo),

(x1,¥1),(X2,y2),(X3,y3) is the form: - 7o
P3(x)=ax>+bx*+cx+d y g =

We observe that the given points are equidistant with an interpolation step of # =1 is given by
\?:
(x-Xo) (x-x1) (x-x2)/ 0!

Since the numbe ﬁ/l}

° &3 f(x0)
Af(xa) Are AT o)y x5) (x-X1) fa-w

P3(x)~fTxo)+—7 . (X-Xo) T2

Where: .3
h=X1-Xo=X2-X1=X3-X2=1 ! %y‘?

The finite differences are calculated as follows:
Lf(x) L) J

T 2t i
Firo)=-1 i) =1--1) =1+1=2 @ 27f(0)=—1-2= 0.L9A3f(xo) 1-(-3) =4
7S W)
T e =0-(-1) o lj

M’.I x1=0 fer) =1 Afey) =0-1=-1 (7 | ¥
= "x; 1 fe2) =0 Af(ez) =0-0=
e x3=2 f(x3) =0
! L
Hence
Pa()AAxerLE2 (x-x0) +L5 50xa) (xexr) #2522 (3o (331 (x032)

P3(x)=-1+=(x+1) +=(x+1) (x-0) #(x+1) (x-0) (x-1)

s 3.2 3+ 2420 (x-
=-1+2x+2- 5 X -2x+(3 X +3x) (x-1)

3 2 3 23 22 2 2 2
::.‘+ Al __-I.-_ +_ _...X_._X "
1+2x--x SX 3x =Xes 3

P3(x) = —x3 - -3- x2- 1x+l @

Thlgggmn@%%ed udifl | finite differences.
<
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Exercise 03:

Given theintegral: I — [}, ¢ 7 dx
R
Let f(z) — €= . The interval of integration is la.b — 0"*/

We are given n — 4 subintervals.
The step size h — ﬂ = ‘—'ﬂ = {\Oy

The points for calculation are:

Ty — 0.0
z; =025
zs = 0.50
x3 — 0.75
zy — 1.00

1. Approximate the integral I using:

a) The composite Midpoint Rule withn — 4 subintervals:

The formula for the compog int Rule is:

fu a0 HEDY
710.375) + £(0.625) +

1 —0.25 » [f(0.125) +
Ioy — 0.25 » [0.984496 + 0.868700 -+ 0.676676 + 0.465134

Iy — 0.25 % 2.995
Iy = 0.748752

f0.875)

The corresponding function values are: o
flzo) =€ -0 — 1,000000 4
flay) = €% — ¢ 025 £ 0.939413 //
L 0sr 025 " /
 J(x2) = e € 0.778801
Flay) = 2T =15 = BENERN

flay) — e — e ~ 0.367879

For the Midpoint Rule, we need the mid
— (0.0 + 0.25)/2 = 0.125

~ {0.25 + 0.50)/2 = 0.375
— (0.50 +0.75)/2 = 0. 625
~ (0.75 + 1.00)/2 = 0. 875

n;

The function va!ues at midpoints are:
0.125° _ ~0.015625 () 984496
2\

flmo) — €

f{m}) i e—l) 375 5 e—ﬂ 130625 ~ 0.868700 \v\ r
f(mg) s e»ﬂ.b.-: s 6-—(!.{9!:.’) ~ 0.676676

Mok} =2 T = VW & 040000
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b) Trapezoidal Rule (Composite, with nn = 4 subintervals)

The formula for the composute Trapezozda! T eis: <)

Ir :""‘f(-lu)")\ f(-l)"’

Iy = 22 £(0) + 2f(0. 2.,) +‘)f(o »n) + )f(n 75) -+ f(1.00), -
Ir = n 173 »1.000000 + 2(0.939413) + 2(0.778801) + 2(0.] 570221) -+ 0.367879,
Ir = 0.125 = 1.000000 + 1.878826 + 1. 557602 + 1.140442 + 0.367879

It = 0.125 = 5.947

I+ ~ 0.743094 A\

b- Midpoint Rule Error:

7o) [ =25 G}

(b—a) - - (b—a)
< Lb_:’Td)_.” and ‘ﬁp},y((f);f:—.m‘_—_\l

Epu(f) = 5. :
where: /%
M = max f'(e) @

Ep(f) = I{J) = Ien(f) =

Epmc(D) < (1-0)*/24(4)> M
Py=2xe? DE@=(4-2) €™

On [0,1], M=f*(1) =0,73576

Epme(f) < (1-0)*/24(4)*.0.73576 -

Epne(f) < (1/384).0.73576=0.0019
s “’ ou .U:.f\‘ﬁl.}}f"((’)\

1" erreur de la méthode des Trapezes est. 't‘(f)‘s

Ona:

3
g ¥

finme”, f)m=2e”, [in=(x =2

|Ep (D] ((1-0)%/12%4%) *0,73576

/

|Epe (D] (1/192) *0,73576 i

|Ezc()] <0,00383
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