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Model Answer with Marking Scheme

Exo:01

If events occur according to a Poisson process with average rate A per unit time, then the number of events
X in a time interval of length t follows a Poisson distribution with mean parameter At

The probability mass function

AX
PX=x)= ;e‘l

1. Probability that exactly 5 customers arrive in the next hour
5
P(X =5) = %e—f’ 2 0.0016...ee oo 1.5 points

2. Probability that at most 3 customers arrive in the next hour

PX<3)=PX=0)+P(X=1)+PX=2)+P(X=3) =
0 2 3
e[St S+ A T] = 00424 1.5 points

3. Probability that no customers arrive in the next 30 minutes

At =8 30 4
= * — =
60

0
P(X =0) = %e-‘* 2 0.0183 .. oeeeeeee e 1.5 points

4. Mean and variance of number of customers arriving in 90 minutes

E(X)=Var(X) = At = 8 g =1 2 points

Exo 02:

All four conditions are satisfied to apply the geometric distribution:

Binary outcomes

Independent trials

Constant defect probability p=0.08

Counting trials up to and including the first defective
The probability mass functionis: P(X =x) = (1 —p)* 1x*p

1. P(X = 3) firsttwo components are good, third is defective
P(X=3)=(1-p)%p=0.922+0.08 = 0.067...............15 points

2. PX>5)=1-p)*=092*=0.7164.........cc....c...............1.5 points



3. E(X) = % = — =125, var(X) =

1-p _ 1-0.08
p"2  0.082

__ P(X28nX>4) _ P(X28) _ (1-p)’
p(X =8/X>4)= P(X>4)  P(x>4 (1-p)*

0.7787.................1 point

PX=8)=PX>7)=0-p)

The memoryless property of the geometric distribution states:
Foranyn,m =1

PX>n+m/X>m)=PX >n)

= 143.75...............1.5points

=(1-p)P=PX>3)=

In words: The probability of waiting at least n more trials for the first success, given you've already

waited m trials without success, is the same as if you were starting fresh

We’ve already tested 4 components and seen no defect — X>4, We want the probability that we need to
wait at least 8 total, i.e., at least 4 more trials beyond trial 4 — that’s X>8, or equivalently X>7

Even though we’ve already tested 4 good components, the process “forgets” that history. The chance that
we’ll need at least 3 more good components before a defect is exactly the same as it was at the very

beginning...................l 1 point

Exo 03:

1. Probability the fuse lasts at least 1 year
PX=>x)=1—-F(x)=e™

PX>1)=PX>1D=e*=e2=013530..ccccteureeeeeen.... 1 point

2. Probability the fuse fails within the first 0.5 years

PX<x)=1—e™™

P(X<05)=1—-e205=1—e"120.6321......cccccvevirn.... 1 point

2. Median lifetime of the fuse

e?m = % >m=03466year............................... 1 point

Ex0:04

1. The statistic T follows a Student’s t-distribution with:
Degrees of freedom=n—1=21-1=20 ...............coceeveninn.n. 1 point

2. Compute P(T > 2.845)



We need the upper-tail probability for a t, distribution at t=2.845

from standard t-tables: For df=20 , the critical value for a one-tailed probability of 0.005 is:
t0.005,20 = 2.84’5 SO P(T > 2.845) - 0.005 ................... 1 pOInt
3. Determine the symmetric interval (—t+,tx) such that P(—t+<T<tx)=0.99

This is the central 99% interval for a t, distribution., That leaves 1% in the tails, i.e., 0.5% in
each tail. So, we need the 0.995 quantile P(T < t*) = 0.995 or P(T > t*) = 0.005. From t-

table:

to.005.20 = 2.845 since t distribution is symmetric P(T < —2.845) = 0.005
Thus:

P(—2.845<T <2845 =0.99.....oveirieeeiaeaennnn.... 1 point

4. Find the value tsuch P(T < t) = 0.95
This is the 95th percentile (or 0.05 upper-tail) of the t, distribution.
From standard t-tables:
PT<t)=1-P(T>t)=>P(T>t)=1-P(T<t)=1-0.95=0.05

At t=20 degrees of freedom row and « = 0.05we gett=21.725...................... 1 point



